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Abstract - This paper presents a two dimensional analytical solu- 
tion for electromagnetic shielding problems at frequencies below 
resonances. The application of the method to three dimensional 
shields yields good approximations, except for errors nearby edges 
which are not parallel to the magnetic field. The solution is valid for 
enclosures of arbitrary shape with any given combination of materi- 
als and wall thicknesses. Considering skin effects, the shielding ef- 
fectiveness is derived by solving the Helmholtz equation for individ- 
ual parts of the wall with different thicknesses and materials. The 
solution for the total shield is then found by applying Faraday’s law 
in integral form. Three cases are discussed: heterogeneous enclo- 
sures consisting of several wall sections with different materials and 
wall thicknesses, coated, laminated and nested shields and multi-cav- 
ity enclosures. Different examples of combinations of non-magnetic 
and magnetic materials are discussed in detail. Finally, the potential 
of saving material and weight by using multiple shields is investi- 
gated. 

LOW-FREQUENCY EDDY CURRENT SHIELDING 
(INDUCTIVE SHIELDING) 

The problem of calculating the electromagnetic shielding effective- 
ness (SE) is yet unsatisfactory, because the common methods are 
limited to ideal shapes, e.g. a circular cylindrical shell or a sphere. 
The SE is defined as the magnetic field strength at a particular point 
with and without an’enclosure, i.e. the insertion loss. Ideal shapes 
possess a homogeneous internal magnetic field amounting a locally 
independent SE. However, the field inside technical enclosures with 
their edges and apertures is inhomogeneous, consequently the SE 
depends on the location considered. Analytical solutions for those 
shapes do not exist. The present article pursues to derive the SE of 
complex geometries by means of permissible simplifications. 

The usefulness of numerical methods is limited, because modeling 
of thin walls and field diffusion through conducting materials is nu- 
merically difficult. In contrast, the general analytical solution pre- 
sented in this paper allows the calculation of the SE for a screen of 
arbitrary shape consisting of different materials and wall thicknesses 
with moderate efforts. It is valid for wavelengths greater than the 
dimension of the screen. In that case the shielding effect is exclu- 
sively provided by eddy currents in the shield’s wall, Fig. 1. 

4 b) 
Figure 1: Shielding effectiveness of a cylindrical shield 

Considering long wavelengths, it is justified to neglect the dis- 
placement current. The cross section parallel to the magnetic field , 
Fig.la), causes only local effects, like the edge effect, where a higher 
magnetic field appears near the edges. The SE is mainly determined 
by the geometric shape of the cross-section perpendicular to the 
magnetic field, Fig.lb). In this plane, the eddy current is confined in 
the shield’s wall and, hence, determines the magnetic field inside the 
enclosure according to Ampere’s law. The displacement and refrac- 
tion of the magnetic field at the walls due to magnetic materials is 

neglected in the following, because inductive shielding is the main 
shielding principle already at low frequencies. For these reasons the 
main interest lies in the investigation of an enclosure of arbitrary 
cross-section in a uniform external magnetic field parallel to the 
shield’s walls, so-called longitudinal field [1], which reduces the 
problem to two dimensions. In this case the field inside is always 
homogeneous. 

The described problem was already investigated by Thomson [2] in 
1893, when he derived the SE of a hollow circular cylinder. King [3] 
presented an analytical solution of a hollow sphere and Cooley [4] 
for a rectangular enclosure. A comprehensive compilation of analyti- 
cal shielding problems can be found in Kaden 111. Finally, Latham 
and Lee [5] derived the SE of homogeneous enclosures of arbitrary 
shape. 

ARBITRARY CROSS SECTION 

The complex SE is defined as Hi& which considers as well the 
phase shift between the outer and inner magnetic field. It is derived 
by solving Maxwell’s equations subject to appropriate boundary 
conditions. Below, the SE of an enclosure of arbitrary cross section, 
Fig.2, with a constant wall thickness d of homogeneous material is 
derived [6]. 

Figure 2: Enclosure of arbirrary cross section. 

Inside and outside the magnetic fields are uniform Hi and H, and 
parallel to the shield’s walls, Fig.2. Therefore the determination of 
the electric and magnetic field inside the conducting walls are of 
foremost importance for solving the problem. The physics in the 
conductor is described by a Helmholtz equation. 

V2H = k2H with k2 = jop,p.,a 

In this case the magnetic field has only one spatial component, 
which is the component in the z-direction. The current density of the 
induced eddy current J. and consequently the electric field E, are 
perpendicular to the magnetic field H in the x,y-plane. For the calcu- 
lations, a new coordinate system is advantageous, which is defined 
as an s-component along the perimeter and the r-component normal 
to the wall, Fig.2. On account of the restriction to frequencies below 
resonances, displacement currents can be neglected. Therefore, J 
and E are always oriented in s-direction parallel to the contour of the 
enclosure. A component of J in r-direction would require a dis- 
placement current. Further, we can assume that the variation of the 
electric and magnetic field along the s-direction can be neglected 
compared to the change in r-direction. 

%<<?!! ad aE ilE 
as ar 

--cc- as ar 
(2) 

These legitimate simplifications reduce the vector partial differen- 
tial equation (1) to a scalar differential equation. 

O-7803-3207-5/96/$5.00 0 1996 IEEE 



9 = k’H,(r) (3) 

The general solution of (3) is 
H(r) = C, cosh(kr) + C2 sinh(kr) (4) 

with the boundary values 
H(0) = Hi = c, 

H(d) = H, = Hi cosh(kd) + C, sinh( kd) (5) 

The constant Cz is derived by Faraday’s law in integral form 

@ds=$$npHdA (6) 

for which the electric field has to be determined. Due to the ne- 
glection of displacement currents, the electric field along the inner 
boundary is constant and can be derived by means of Ampere’s law. 

VxH=crE 

E (r)=-LaHZ(r) s (T & 

E,(r)=-ysinh(kr)-ycosh(kr) 

E,(O) z-T 

(7) 

Using this result in (6) along the inner boundary leads to the de- 
termining equation for the constant Cz 

-*. perimeter = - jwp,H, .cross sectional area 
(5 

(8) 
Cz=ZHi 

cross sectional area 

r perimeter 

This finally results in the solution of the SE of an enclosure of arbi- 
trary cross section. 

H. I= 1 

HO 
k cross sectional area (9) 

coshw) + II- 
sinh(kd) 

r perimeter 

Using the geometric parameters of a plate and cylinder shield we 
obtain the well-known solutions of [l]. The ratio of the cross sec- 
tional area to the perimeter is obviously the essential quantity de- 
termining the SE, which results simply from Faraday’s law of induc- 
tion. A uneven contour leads to a poorer SE than a smooth one, due 
to the longer perimeter. 

In order to account for the possibility of different wall properties 
and wall thicknesses, an individual solution of the Helmboltz equa- 
tion (1) must be found separately for each homogeneous part of the 
wall. A small thickness compared to the length of a homogeneous 
part is required d,<<l, , but this is always true for technical enclo- 
sures. As before, only the plane of the eddy current, normal to the 
magnetic field, is considered, i.e. a two-dimensional problem. The 
example in Fig.3 is a rectangular enclosure, where part 1 consists of 
material 1 with the thickness dr and the bottom, part 2, is made out 
of material 2 of the thickness dz. 

HO Pf+ 

p&2 

Figure 3: Shield with diqerent wall properties 

For each part a separate general solution (10) of the Helmholtz 
equation must be chosen. 
part 1: H,(r) = C,, cosh(k,r) + C,, sinh(k,r) (10) 
part 2: H,(r) = C,? cosh(k,r) + C,, sinh(k,r) 

with kf = jouL,u,,o, and kt = jcq.~,,~,,~~ 

Due to a homogeneous inner and outer magnetic field the bound- 
ary values are 

H(0) = Hi = C, 1 = C,, (11) 

H(d,) = H, = Hi cosh(k,d,)+ C2, sinh(k,d,) 

H(d2) = H, = Hi cosh(k,d,)+ Cz2 sinh(k2d2) 

Like above, the determination of the constants Cz, requires Fara- 
day’s law and, thereby, the electric field, see (7), which is derived by 
means of Ampere’s law( 12). 

VxH=crE 

(12) 

Substituting (12) for the electric field in Faraday’s law and inte- 
grating along the inner boundary of the enclosure yields 

@ds = - !I jopHdA 
innerperimeter innerarea (13) 

W, .+C22k2 

=I 
-. l2 = - jWp,Hi . cross sectional area 

(32 

Eliminating the constants C~I and C22 by virtue of (12) yields the 
SE of the enclosure of Fig.3. 

44 k212 
H I= o, sinh(k,d,) +cr2 sinh(k,d,) 
HO 44 kJ2 

(14) 
jOpo csa + 

(3, tanh(k,d,) + o, tanh(k,d,) 

In general, for an enclosure consisting of N different wall sections 
we obtain 

H,= $0. sii$k,,d,) 

HO jwFo cross sectional area + i U, 
(13 

l 0, t~W,,d,) 

with $l,, = perimeter 

I I 

Obviously, the weakest part with the least conductivity or the 
smallest wall thickness determines the SE. A gap parallel to the 
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magnetic field, corresponding to a zero conductivity results in a SE 
of 1, i.e., 0 dB. 

As an example, the SE of a quadratic enclosure with a bottom 
plate of different conductivity aa similar to Fig.3 will be calculated. 
The enclosure’s wall is made of copper (01=5.8.10’ S/m) with a 
thickness of lmm, the side length is lm. Fig.4 shows the SE depend- 
ing on the conductivity of the bottom plate. 

H/I-& in dB 
100 k4Y.z 

Figure 4: Shielding effectiveness of a quadratic shield with different wall 
properties, depending on the conductivity CTZ of the bottom 

If the conductivity of the bottom plate is much higher than the 
conductivity of the top, the SE remains constant, because the eddy 
current is limited by the conductivity of the top. It obviously does 
not make sense to use a better material. If the conductivity of the 
bottom is less than that of the top, then the eddy current is limited in 
the bottom and the SE decreases. 

COATEDSHIELDS 

Coatings are maiuly used to improve the SE of plastic shields [7]. 
For special purposes multilayered materials are employed. The 
thickness of the layers ranges from some urn to a mm. Sometimes it 
is assumed that special combinations of materials and thicknesses 
exist which especially improve the SE, like coated glasses in optics. 
At first glance, the application of Schelkunoffs method or of the 
wave matrix method would seem the appropriate tool to derive the 
solution [8]. These methods are very advantageous. because they are 
suitable also aat high frequencies and consider resonances Unfortu- 
nately, they are limited to one dimensional problems. Therefore we 
use the same method as before. 

The solution is derived for a shield consisting of several layers de- 
picted in Fig.5 Its layers are described by a thickness d,, a conduc- 
tivity cr, and a relative permeability urn. The magnetic field is orien- 
tated parallel to the walls Therefore only the two-dimensional longi- 
tudinal field problem needs to be solved. 

Figure 5: Multi-layer enclosure 

As before, the Helmholtz equation (1) needs to be solved, but now 
separately for each layer. This means the behavior of the magnetic 
field is different in each layer which requires for each one a separate 
general solution. For a wall of N layers this results in 

H,(q) = Ctt cosh(kt~)+Czl sinh(kt4) 

H2(r2) = C12 cosh(k2r2)+ C22 sinh(k2rz) (1’3 

HN(rN) = C,N cosh(kNrN)+& sinh(khrrN) 

There are only two boundary conditions 
H, (0) = Hi 

H,v(d,)=H, 

but the continuity of the magnetic and electric field (18) must be 
considered as well. 

H,,wI (d,-, I= H, (0) 
E,,-,(d,...l)= E,,(O) 

(18) 

The continuity of the magnetic field leads to 

Cl+,cosh(k,-t&-t )+Czn-t sinh(k,.+&-t )=Cr,, (19) 

while the continuity of the electric field results in 
k 

Es,, (4 = - 
1 aH (r) 

-A=-L(C,,, sinh(k,d,)+Cz, cosh(k,d,)) 
Qn 

.& 
‘Jn 120) 

%(~]~-t sinh(k,-Id,,-t)+&-t cosh(k,-tL))=$c2~ ’ ’ 
n n 

Obviously, the constants for one layer depend on the constants of 
the previous layer. Therefore, the constants Cit and CD are of fore- 
most importance, because then all other constants can be calculated. 

From (17) follows 
C, I =Hi (21) 

For the determination of C2,, the electric field and Faraday’s law 
are employed in the same way as already presented for the enclosure 
of arbitrary cross section (8). 

f Eds = - jjjwl~HdA 
inner perimeter innerarea 

C2,=k Hi 
cross sectional area 

PL, perimeter 

(22) 

The reciprocal dependency of the constants is best described by 
matrices, 

which finally solves for the SE(24) of a multilayered enclosure with 
N layers. 

u kn-l with R=J- 
krl un-l 

and kd, = kndn 

It is important to note that the overall SE of a multilayered enclo- 
sure is not simply the multiplication of the SE of the separate layers, 
because the geometrical parameters need to be considered only once. 
See the example below. Equation (24) reminds of transmission line 
or wave propagation theory. Indeed there is a close relation which 
leads to the same results if the relationship to the wave impedance is 
considered: Z-k/o. 
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For example, the SE of a’copper coated enclosure is calculated, 
Fig.6. The quadratic base frame has a length a of lm and a wall 
thickness d, of lmm. Its conductivity is crcU/10000=580S/m, whereas 
the coating is made of copper with a thickness d2 of 10pm. 

Figure 6: Magnetic field in a coated enclosure 

Fig.7 shows the SE of the coated enclosure with the coating inside 
and outside, where no difference becomes apparent. Due to the high 
conductivity of the coating, even the coating alone without the basic 
frame has the same SE. The bottom line is the SE of the enclosure 
without coating. Finally, the upper line shows the added individual 
SEs of the basic frame and the coating, which obviously is an over- 
estimation. This shows again that the simple addition of the individ- 
ual SEs is not correct. 
SE /dB 

100 

80 

60 

40 

added 

with coating 
(inside or outside) 

without coating 

n- 
” 

200 400 600 800 1000 
f/kHz 

Figure 7: SE of a coated enclosure according to Figure 6 

If a magnetic material is used, there is a vast difference between an 
inner and an outer coating, Fig.8. Due to the high permeability, the 
inductivity of the enclosure and as well the induced eddy currents are 
increased, but only if the magnetic material is inside (inner coating). 
Particularly a nonconducting magnetic material can considerably 
increase the SE for the same reasons, whereas the material alone 
shows only a poor SE in the frequency region considered. The mag- 
netic coating in the example of Fig.8 has a permeability of ~~10~ 
and the same conductivity as the basic frame. 
SE /dB 

60 r I I I I I 
50 

40 
30 

20 

10 
n 

coating inside 

coating outside 

” 200 400 600 800 1000 
f/kHz 

Figure 8: SE of an enclosure with a magnetic coating 

LAMINATED AND NESTEDSHIELDS 

Occasionally, it is assumed that the SE of enclosures can be dou- 
bled by doubling the walls or by adding shields contained within the 
enclosure, Fig.9. It will be demonstrated that the resulting SE is less 
than double. Another question of major concern is whether a thick 
wall can be replaced by two thin walls resulting in the saving of ma- 
terial and weight. Finally, the question is investigated whether an 
isolating gap is advantageous for the SE. In [9] a similar problem 
was already discussed for multishielded coaxial lines. Kaden [l] also 
presented analytical solutions for static magnetic fields. The deriva- 
tion of the SE for frequencies below resonance frequencies is very 
similar to multilayer enclosures, except that there is an intermediate 
region with its own SE. 

Figure 9: Nested shields 

The general solution used for the magnetic field is again (4). While 
the boundary and continuity conditions for the magnetic field are 
similar to the multi-layer problems and just expanded by the fields 
between the shields, the continuity condition for the electric field 
changes. 

H,,-,(d,,-,)=Hn-1, =Hn(O) 
,1C\ 

4,-l(d,-l) f En(O) 

Consequently, only the constants C2,, differ from the multilayer 
solution, the constants Ct. do not change. The electrical field in the 
region between the multiple shields is not homogeneous. Therefore, 
Faraday’s law is applied for deriving the electric fields at the 
boundaries of the shield’s walls. 

(26) 
AL Cz4 . perimi&fl - 

$(-. - CI~ 1 Slh(un 1) + qp.1 cosh(~n-1)). Peroutsgep-l 

= $WOHn-l,n . csan+ 

The csa”.l,n is the area between shield n-l and shield n. The perin- 
side.n is the length of the inner contour of shield n. Because walls are 
so thin compared to the shield’s dimension, there is almost no differ- 
ence between the inner and outer perimeter, therefore, this is not 
indexed anymore. With (19) from the section above and (26), the 
constants are fully determined and the solution is again best de- 
scribed as a matrix equation. 

k A - un+l n k 
asinh(k,d,) +“+1%cosh(k,d,) 

on &+I per,+, CL,+1 per,,f 
k B - urt+l n k ‘+’ 

(Jn k 
acosh(k,d,)+-- csann+’ sinh(k,d, ) 

d Per,+, I~+I per,+1 

Again, the overall SE of nested shields is not the addition of the SE 
of the single shields. 
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The following example investigates whether a thick wall can be 
replaced by two thin walls, resulting in savings of material and 
weight, for example, whether a 3mm wall can be replaced by two 
lmm shields. Fig.10 shows the difference of the SE of a doubly 
shielded and a single shielded cylindrical enclosure, depending on 
wall thickness, respectively the outer radius. The conductivity is 
crcU/lOOOO = 58OWlm and the inner radius n is O.lm. The wall thick- 
ness of the massive enclosure is just the difference between the outer 
and inner radius, i.e. r,- n, while the double shield consists always of 
two cylinders of the radius n and r, with an individual wall thickness 
of lmm. 

SE /dB 
40 - 

30 . 

0.1 0.15 0.2 0.25 0.3 0.35 0.4 
r./m 

Figure 10: Diyerence of the SE of a doubly shielded and a single 
shielded cylindrical enclosure. 

Obviously, the SE of the massive enclosure is always much higher. 
The gap generates no ,,insulation“, therefore no material or weight 
savings are possible in this case. 

A different question is whether, using a certain amount of material, 
the.SE can be increased by distributing the material amongst many 
shields, Fig. 11. In the example, the inner and outer radius are kept 
constant and the material is evenly distributed among N shields, 
Fig. 11, see the correlations below. Consequently the outer shields 
are thinner than the inner ones. 

radius: rr=rr=O.lm r,=rn=lm 
constant distance: rz-ri=r,r-r.=(r,,-rr)/(N-(N- 1) 
constant amount of material: 

rrdr=r,d~=lOOmm*/N 

Figure II: Cylindrical enclosure consisting of N shields 

The material is copper (acU=5.8.107S/m) and the amount is deter- 
mined by an overall cross sectional area of all walls of 100mm2. In- 
terestingly, the SE, derived from (27), increases with the number of 
shields, despite of the assumed constant amount of material, Fig.12. 
The short line to the left marks the SE of a single shielded cylindrical 
enclosure with a radius of ri and of the same weight. 

For each section a general solution with unknown constants is 
needed, where Hx/~ is the magnetic field in the part of the wall be- 
tween cavity x and y. The component rdY is directed from cavity x to 
y. For simplicity, there are even two general solutions used for a 
section, one in each direction. 

Hxty (I;ly I= CW, coshtk~,rx~, > + G,x~y sinW,~,r,~, 1 
Hylx (rylx ) = CI,~I~ cosh(kx~,rx~, ) + ~?QI, ~nh(kylxrylx 1 

The boundary conditions are 

H,I, (0) = H, = &z/v _ 
SE /dB Hy/x (0) = Hy = c~,~,x 

Figure 12: SE of a cylindrical enclosure 
consisting of N shields of copper 

Employing a magnetic material with u,=106 and cr=oc,/loOOO, the 
distribution of the material among many shields causes just the op- 
posite effect and the SE decreases, Fig. 13. 

SE /dB 

2 4 6 8 IO 12 
N 

Figure 13: SE of a cylindrical enclosure consisting 
of N shields of magnetic material 

MULTI-CAVITY ENCLOSURES 

If an enclosure consists of several separated cavities, Fig. 14, each 
has its own SE (SE, to SE& which still depends on the overall ge- 
ometry of the shield. For the analytical solution the enclosure’s wall 
must be divided into sections which are common to two cavities, 
e.g., 1 and 2 or 1 and 4. Section l/o is the part of the wall which 
exists between cavity I and the outside region. Consequently, an 
enclosure with N cavities has at most 3(N-1) sections. 

Figure 14: Multi cavity enclosure 

(28) 

5x1~ hy) = Hy = Hx coW,/,4/, I+ Cz,x/,, sMkx/,d,/,) 

Hyfx (d,d = H, = Hy coWxty4ty I+ G,,-I~ ~Wkydyd 

Again, we need to calculate the electric field in order to obtain the 
SE. 

Exly (rxly I= --- = 
axly kl y 

Exly (0) = -* 
0 x/y 

c2,xty 

(30) 
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Applying Faraday’s law to each cavity, results in the sum of the 
different electric fields. The length of each section is l,, the cross 
sectional area of a cavity x is csa,. For example, in cavity 1 Fara- 
day’s law yields 

h/o 
+-c2,110~l/o = +@hJcsalHl (31) 

~ll0 

Similar equations can be derived for the other cavities. Substituting 
for the constants CZ.X/,, by (30) yields the SE of each cavity, as a sys- 
tem of equations though. As an example, (32) shows the result for 
the enclosure of Fig. 14 with a constant material and wall thickness. 

HI = %h, + H21112 + H41114 
peq cosh(kd) + k. csa, . sinh(kd) 

H 
2 

= W210 + H&2/1 + H31213 + H41214 
(32) 

per, cosh(kd) + k ‘csa2 .sinh(kd) 

H3 = f&b/o + Hz&/2 + H4b4 
per3 cosh( kd) + k csa3 . sinh(kd) 

H _ Ho1410 + W411 + H31413 + H31413 
4 - per4 cosh( M) + k . csa4 . sinh( M) 

In general, the SE of an enclosure with N cavities results in a rna- 
trix equation similar to network theory 

with 

-by 
ad Gxiy=--- 

1 
0 x~y sWkxty4ty) 

(33) 

The right-hand vector is the source of the field, which is the field 
outside H, multiplied by the length of each section. If the enclosure 
is made of only one material with a certain wall thickness the equa- 
tion reduces to 

with A, = per, cosh(kd) + k . csa, sinh(kd) 

For example let us derive the SE of a cylindrical enclosure divided 
into pie-type cavities, Fig.15. 

Figure 15: Cylindrical enclosure with N cavities 
The result shows that the SE hardly changes and even decreases 

with the number of cavities, Fig. 16. 

I 80 
IOkHz 

60 

40 I kHz 

20 IWH: 

0 
200 400 600 800 tom 

N  

Figure 16: SE of a cylindrical copper enclosure ofjigure 1.5, 
depening on the number of cavities 

If a magnetic material is used instead, the SE increases with the 
number of cavities. However, rather than the material is the reason 
for the enhancement of the SE, it is the increase in magnetic material 
inside the enclosure, resulting in a higher inductivity. 

SE /dB 
100 

I 
100 kHz 

IOkHZ 

1 kHz 

Ido Hz 

” 
ZOO 400 600 800 Iwo 

N  

Figure 17: SE of the cylindrical enclosure offigure 15, made of ma&?- 
netic material, depending on the number N of cavitk 

CONCLUSION 
Analytical solutions for the shielding effectiveness (SE) of hetero- 

geneous enclosures of arbitrary shape were derived. Low frequen- 
cies, where the wavelength is much greater than the dimensions of 
the shield, were assumed. Further, the problem was reduced to two 
dimensions by neglecting field distortions at edges. The influence of 
the shape is reflected in the ratid cross-sectional-area over the pe- 
rimeter. In heterogeneous enclosures the SE is strongly determined 
by the weakest part. Coatings can improve the SE significantly, es- 
pecially by using a magnetic inner coating and a highly conductive 
outer coating. The SE of nested shields is not simply the sum of the 
individual SEs. Finally, it was shown that the subdivision of an en- 
closure into several cavities does not help to increase the SE. 
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